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430 PROBLEMS AND SOLUTIONS. £NoV., 

we have, by multiplying all such inequalities from n = 2 to n = n, 

and therefore the 6 series is divergent and hence also the a series. 

Also solved by E. H. Clarke, R. A. Johnson, H. L. Olson, Arthur 
Pelletier, and the Proposer. 

2758 [1919, 124]. Proposed by LEONARD richardson, University of British Columbia. 

Prove that, if r be a positive integer, 



/^/2 sin (2r + 1)1 ,, _ jr 
Jo sin \fr 2 ' 

and 

rwltma2ri>. ( 11 1 (-1)^1 

Jo rinT d *~ I 3 + fi - 7+ + FTr 

I. Solution by Elijah Swift, University of Vermont. 

We have the identity 

sin n\f/ — sin (re — 2)\p = 2 sin ^ cos (re — 1)^, 
or 

sin n\j/ = 2 sin 4> cos (re — 1)^ + sin (re — 2)^. 

This yields us an easy reduction formula for the two integrals. For the second, 

p,*sin2r* = /-/i _ p/2sin (2r L -2)* 

Jo sin iA "0 Jo sin ^ 

„ 2 (- 1 ) r " 1 + r^sin(2r-2)^ 
2r — 1 Jo sin ^ 

Applying this r times, we reach the indicated result. 
For the first integral, 

p/2sin (2r + m . 2 /-/i^ 2 d + r^ sin (2r - 1)^ 
Jo sin f J Jo sin ^ 

The first of these is 0. Repeating this process r times, the required integral 



Jo sin \fr 2 



Solved similarly by A. M. Harding and C. C. Yen. 

II. Solution by R. D. Bohannan, Ohio State University. 

Let cos \fr + i sin ty = z and cos ^ — t sin ty = 1/z. Then, for the first integral, we have 

,2r+l _ __L_ 
sin (2r + l)f , , z* +1 dz 

sin ^ 1 %z 

z 

z 

_ I fr+r* + ... +Z2 + 1 +|+ ... +1 }|. 

The first and last terms, after integration, give 

1 / 1\ 1 . ~1W 2 

zr-. ( z 2r r or, - sin 2n/< , 

2n \ z ir I ' r Jo 

which is zero; likewise, all other pairs, equidistant from the ends. The middle term gives (log z)/i 
or <(>, since z = e**, and with the given limits, this reduces to x/2. 
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Similarly, the second integral comes from 

( z z 3 z" l ) IZ 

After integration, the first and last terms, give 



^{^-M ° r 2^i sin(2r -^r = 



±; 2 



i(2r - 1) I 2 21 " 1 S "* 2r - 1 " v ' r Jo 2r - 1 ' 

The result given is obtained by starting with the central terms, 



\ Z/ IZ 



Also solved similarly by P. J. da Cunha, William Herberg, and H. L. 
Olson. 

2759 [1919, 124]. Proposed by J. L. biley, Stephenville, Texas. 

Solve the simultaneous functional equations 



<t>(x + y) = <j>(x) + 
<f>(x + y) = 



1 - <t>(x)<l>(y) ' 
Hx)-Hy) 



I. Solution by C. F. Gummer, Kingston, Ont. 

When y = the equations show that either ^(x) = 0, or 4>(0) = and ${0) = 1. In the 
former case, <j>(x) is constant. In the latter, the first equation gives 

4>(x + y) - <t>(x) = <t>(y) - <K0) . H*) . 
y y i - <i>(x)<i>(y) ' 

so that, if we assume that <£'(0) exists and equals a, we deduce that 

4>'(x) = a<p(x). 
If further ^'(0) exists and equals b, the second equation gives 

•A'(x) = [a<K*)+b)<Kx). 
Eliminating ^(x) between the last two equations, and writing X(x) = a<t>(x) + 6, we get 

X"(x) = X(x)X'(x); 
and on integration, since X(0) = 6 and X'(Q) = a 2 , 

X(x) = 2A tan (Ax + B), 



where V2a 2 - b 2 = 2A and b = 2A tan B. 
Hence 

/ % k sin Ax , , . cos 2 B 

* (a ° = ^ ' cob(Ax+B) ' * {X) = cosHAx+B) ' 

This solution, however, fails to satisfy the functional equations unless A = 0. Hence the only 
solutions admitting derivatives for x = are 

<t>(x) = c, \j*(x) = and <j>(x) = 0, \p(x) = 1. 

It is apparent that <j>{x) = 0, ^(x) = a x is a solution. 

Possibly the proposer intended to square the denominator on the right of the second equa- 
tion. With this change and similar work we get, assuming <j>'(0) and i/<'(0) to exist, either 

<t>(x) = c, Hx) = 



